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a b s t r a c t
This work deals with non-simultaneous and simultaneous blow-up solutions for ut =
1u + um(x0, t)vp(x0, t), vt = 1v + uq(x0, t)vn(x0, t), subject to homogeneous Dirichlet
boundary conditions. We obtain the complete results of non-simultaneous and simultane-
ous blow-up solutions for any fixed point x0 in any general bounded domain. The critical
exponents of non-simultaneous blow-up are proposed.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction and main results
In this work, we consider the known parabolic system with localized sources
ut = 1u+ um(x0, t)vp(x0, t), (x, t) ∈ Ω × (0, T ),
vt = 1v + uq(x0, t)vn(x0, t), (x, t) ∈ Ω × (0, T ),
u = v = 0, (x, t) ∈ ∂Ω × (0, T ),
u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω,
(1.1)
whereΩ is a bounded domain of RN with smooth boundary; x0 ∈ Ω is a fixed point; exponents m, n, p, q are nonnegative
constants; T represents themaximal existence time of the solutions; initial data u0, v0 are nonnegative, nontrivial, vanishing
on ∂Ω .
Nonlinear parabolic systems like (1.1) come from chemical reactions, heat transfer, population dynamics, etc., where u
and v represent the thicknesses of chemical reactants, the temperatures of materials, the densities of biological populations,
etc. The localized sources in (1.1) describe some phenomena where the reaction in a dynamical system is driven by the
density or the temperature at a single point (see, for example, [1,2]). Recently, Li and Wang [3] and Zhao and Zheng [4],
independently, considered the simultaneous blow-up solutions of (1.1). If p ≥ n − 1 > 0 and q ≥ m − 1 > 0, then u and
v blow up simultaneously. If u and v blow up simultaneously, then the exponents satisfy p ≥ n − 1 and q ≥ m − 1, or
p < n− 1 and q < m− 1. The uniform blow-up profiles are obtained with precise coefficients for p ≥ n− 1 and q ≥ m− 1,
or p < n− 1 and q < m− 1. Moreover, for the regions p > n− 1, q > m− 1, and pq > (1−m)(1− n), or p < n− 1 and
q < m− 1, the boundary layer sizes for solutions are discussed.
The other studies for parabolic systems with power or exponential nonlinearities were studied in [5–11], etc., where the
critical blow-up exponents, blow-up rate, and blow-up profile were obtained. The simultaneous versus non-simultaneous
blow-up phenomena have been found and studied in recent years for coupled parabolic systems (see, for example, [12–15]).
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Fig. 1. Critical exponents for non-simultaneous blow-up.
Motivated by the works above, in the present work, we propose the complete and optimal classification for the
simultaneous and non-simultaneous blow-up solutions of (1.1). Assume the initial data to satisfy
1u0 + (1− εϕ)um0 (x0)vp0(x0), 1v0 + (1− εϕ)uq0(x0)vn0(x0) ≥ 0 inΩ (1.2)
for some constant ε ∈ (0, 1), where ϕ is the first eigenfunction of −1ϕ = λϕ in Ω with ϕ = 0 on ∂Ω , normalized by
‖ϕ‖∞ = 1. Then ut , vt ≥ 0 by the comparison principle.
Now, we give the main results of the work.
Theorem 1. There exist initial data such that u blows up alone if and only if m > q+1. There exist initial data such that v blows
up alone if and only if n > p+ 1.
Corollary 1. Any blow-up must be simultaneous if and only if m ≤ q+ 1 and n ≤ p+ 1.
Theorem 2. Any blow-up must be u blowing up alone if and only if m > q+ 1 and n ≤ p+ 1. Any blow-up must be v blowing
up alone if and only if m ≤ q+ 1 and n > p+ 1.
Theorem 3. Both simultaneous and non-simultaneous blow-up may occur if and only if m > q+ 1 and n > p+ 1.
Theorem 3 guarantees the existence of simultaneous blow-up solutions in Theorems 4–6 of [3] for the case m > q + 1
and n > p+ 1.
By Theorems 1–3 of this work, the complete and optimal classification for simultaneous and non-simultaneous blow-up
of (1.1) is obtained, as can be seen clearly with the help of Fig. 1.
Moreover, it is interesting that the blow-up phenomena depend sensitively on the choosing of the initial data in the
regionm > q+ 1 and n > p+ 1. That is to say, large u0 (v0) leads to the blow-up of u (v), and for some betweenness, there
also exist initial data such that simultaneous blow-up occurs.
2. Proofs of Theorems 1–3
In order to prove Theorem 1, we introduce the following important lemma.
Lemma 1. If (u0, v0) satisfies (1.2), then
ut ≥ εφum(x0, t)vp(x0, t), (x, t) ∈ Ω × [0, T ), (2.1)
where φt = 1φ inΩ × (0, T ) with φ = 0 on ∂Ω × (0, T ) and φ(x, 0) = ϕ(x) inΩ . Similarly, the estimate for v is
vt ≥ εφuq(x0, t)vn(x0, t), (x, t) ∈ Ω × [0, T ). (2.2)
Proof. Construct J = ut − εφum(x0, t)vp(x0, t). It is easy to check that
Jt −1J ≥ (1− εφ)
[
mut(x0, t)um−1(x0, t)vp(x0, t)+ pvt(x0, t)um(x0, t)vp−1(x0, t)
] ≥ 0, (x, t) ∈ Ω × (0, T ),
with J(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ) and J(x, 0) ≥ 0, x ∈ Ω . Then (2.1) holds by the comparison principle. (2.2) can be
proved similarly. 
Remark 1. By (2.1), we obtain that ut(x0, t) ≥ εφ(x0, T )vp(x0, 0)um(x0, t), t ∈ [0, T ). By integration, we have the estimate
for u as follows:
u(x0, t) ≤
[
ε(m− 1)φ(x0, T )vp(x0, 0)
]− 1m−1 (T − t)− 1m−1 , m > 1, t ∈ [0, T ). (2.3)
Similarly, v(x0, t) ≤ [ε(n− 1)φ(x0, T )uq(x0, 0)]− 1n−1 (T − t)− 1n−1 for n > 1. 
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Proof of Theorem 1. Without loss of generality, we only prove the case for u blowing up while v remains bounded. Let
0(x, y, t, τ ) = 1
[4pi(t−τ)] N2
exp
{
− |x−y|24(t−τ)
}
be the fundamental solution of the heat equation. Assume that (u˜0, v˜0) is a pair of
initial data such that the solution of (1.1) blows up. Fix v0 (≥v˜0) inΩ and takeM1 > ‖v0‖∞. Let u0 (≥u˜0) be large such that
T satisfies
M1 ≥ ‖v0‖∞ + m− 1m− 1− q
[
ε(m− 1)φ(x0, T )vp(x0, 0)
]− qm−1 T m−1−qm−1 Mn1 .
Consider the auxiliary problemv¯t = 1v¯ + C
− qm−1
u (T − t)− qm−1Mn1 , (x, t) ∈ Ω × (0, T ),
v¯(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ),
v¯(x, 0) = v0(x), x ∈ Ω
with Cu = ε(m− 1)φ(x0, T )vp(x0, 0). Form > q+ 1 and by Green’s identity, we have
v¯(x, t) ≤
∫
Ω
0(x, y, t, 0)v0(y)dy+
∫ t
0
∫
Ω
0(x, y, t, τ )C
− qm−1
u (T − τ)− qm−1Mn1dydτ
≤ ‖v0‖∞ + m− 1m− 1− q
[
ε(m− 1)φ(x0, T )vp(x0, 0)
]− qm−1 T m−1−qm−1 Mn1 ≤ M1.
So v¯t ≥ 1v¯ + C−
q
m−1
u (T − t)− qm−1 v¯n(x0, t), (x, t) ∈ Ω × (0, T ). It follows from (2.3) that v satisfies vt ≤ 1v + C−
q
m−1
u (T −
t)−
q
m−1 vn(x0, t), (x, t) ∈ Ω × (0, T ). By the comparison principle, v ≤ v¯ ≤ M1. Since (u0, v0) ≥ (u˜0, v˜0), (u, v) blows up.
And hence only u blows up at finite time T .
Now, assume that u blows up alone. It can be checked that m > 1. Otherwise, u is bounded also for m ≤ 1 since v
remains bounded. By Proposition 4.2 of [16], we have limt→T ut (x,t)um(x0,t)vp(x0,t) = 1, uniformly on the compact subset of Ω .
Then there must exist positive constants c and C such that ut(x0, t) ≤ cum(x0, t)vp(x0, t) ≤ Cum(x0, t). By integration, we
have u(x0, t) ≥ c(T − t)− 1m−1 . Using (2.2), one can obtain
vt(x0, t) ≥ c(T − t)− qm−1 . (2.4)
Integrating (2.4) from 0 to t , there is v(x0, t) ≥
∫ t
0 c(T − τ)−
q
m−1 dτ . The boundedness of v requiresm > q+ 1. 
Proof of Theorem 2. Without loss of generality, we only prove the case for u blowing up alone. Firstly, we prove the
sufficiency. By Theorem 1, there exist initial data such that u blows up alone if and only if m > q + 1. We only need to
exclude the possibilities of simultaneous blow-up inm > q+ 1 and n ≤ p+ 1. Suppose that there existed u and v blowing
up simultaneously. By the methods of Proposition 4.2 in [16], we have
lim
t→T
ut(x, t)
um(x0, t)vp(x0, t)
= lim
t→T
vt(x, t)
uq(x0, t)vn(x0, t)
= 1,
uniformly on the compact subset ofΩ . Hence, there exists some t0 < T such that
um(x0, t)vp(x0, t)
2uq(x0, t)vn(x0, t)
≤ du(x0, t)
dv(x0, t)
≤ 2u
m(x0, t)vp(x0, t)
uq(x0, t)vn(x0, t)
, t ∈ [t0, T ). (2.5)
By (2.5), one can obtain the following contradictions with simultaneous blow-up:
vp+1−n(x0, t) ≤ C + Cuq+1−m(x0, t) form > q+ 1, n < p+ 1,
log v(x0, t) ≤ C + Cuq+1−m(x0, t) form > q+ 1, n = p+ 1.
Now,we deal with the necessary conditions of u blowing up alone. By Corollary 1, there is not non-simultaneous blow-up
inm ≤ q+ 1 and n ≤ p+ 1. By Theorem 1, v may blow up alone if n > p+ 1. The necessity is obtained. 
In order to prove Theorem 3, we introduce a lemma. Define V0 as a set of the initial data satisfying (1.2).
Lemma 2. The set of (u0, v0) in V0 such that u (v) blows up while v (u) remains bounded is open in L∞-topology.
Proof. Without loss of generality, we only prove the case for u blowing up with v remaining bounded. Let (u, v) be a
solution of (1.1) with initial data (u0, v0) ∈ V0 such that u blows up while v remains bounded up to blow-up time T ,
say 0 < 2ξ ≤ ‖v(·, t)‖∞ ≤ M . It suffices to find an L∞-neighborhood of (u0, v0) in V0 such that any solution (uˆ, vˆ) of (1.1)
coming from this neighborhood maintains the property that uˆ blows up while vˆ remains bounded.
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By Theorem 1, we know thatm > q+ 1. TakeM2 > M + ξ . Let (u˜, v˜) be the solution of the following problem:
u˜t = 1u˜+ u˜m(x0, t)v˜p(x0, t), (x, t) ∈ Ω × (0, T0),
v˜t = 1v˜ + u˜q(x0, t)v˜n(x0, t), (x, t) ∈ Ω × (0, T0),
u˜(x, t) = v˜(x, t) = 0, (x, t) ∈ ∂Ω × (0, T0),
u˜(x, 0) = u˜0(x), v˜(x, 0) = v˜0(x), x ∈ Ω,
where radially symmetric (u˜0, v˜0) is to be determined. Define
N(u0, v0) =
{
(u˜0, v˜0) | ‖u˜0(x)− u(x, T − ε0)‖∞, ‖v˜0(x)− v(x, T − ε0)‖∞ < ξ
}
.
Since u blows up at time T , there exists a small constant ε0 > 0 such that (u˜, v˜) blows up and T0 satisfies
M2 ≥ M + ξ + m− 1m− 1− q
[
ε(m− 1)φ(x0, T0)vp(x0, 0)
]− qm−1 T m−1−qm−10 Mn2 ,
provided that (u˜0, v˜0) ∈ N(u0, v0). Consider the auxiliary problemv¯t = 1v¯ + C
− qm−1
1 (T0 − t)−
q
m−1Mn2 , (x, t) ∈ Ω × (0, T0),
v¯(x, t) = 0, (x, t) ∈ ∂Ω × (0, T0),
v¯(x, 0) = v˜0(x), x ∈ Ω,
where C1 = [ε(m− 1)φ(x0, T0)vp(x0, 0)]. By Green’s identity, v¯ ≤ M2. Hence v¯t ≥ 1v¯ + C−
q
m−1
1 (T0 − t)−
q
m−1 v¯n(x0, t),
(x, t) ∈ Ω × (0, T0). On the other hand, by (2.3), we have v˜t ≤ 1v˜ + C−
q
m−1
1 (T0 − t)−
q
m−1 v˜n(x0, t), (x, t) ∈ Ω × (0, T0). By
the comparison principle, v˜ ≤ v¯ ≤ M2; then u˜must blow up.
According to the continuity with respect to initial data for bounded solutions, theremust exist a neighborhood of (u0, v0)
inV0 such that every solution (uˆ, vˆ) starting from the neighborhoodwill enterN(u0, v0) at time T−ε0, and keep the property
that uˆ blows up while vˆ remains bounded. 
Proof of Theorem 3. We first prove the sufficiency. Assume that the solution of (1.1) blows up with initial data (u0, v0) ∈
V0. Then the solution with initial data (u0/λ, v0/(1 − λ)) ∈ V0 for λ ∈ (0, 1) also blows up. By Theorem 1, we know that
there exist some λ1 near 0 such that u blows up while v remains bounded if λ = λ1, and some λ2 near 1 such that v blows
up while u remains bounded if λ = λ2. By Lemma 2, such initial data sets are open and connected. Then there must exist
some λ ∈ (λ1, λ2) such that simultaneous blow-up happens.
Next, we deal with the necessity. Any blow-up must be simultaneous in m ≤ q + 1 and n ≤ p + 1 by Corollary 1. By
Theorem 2, any blow-up must be non-simultaneous inm > q+ 1 and n ≤ p+ 1, orm ≤ q+ 1 and n > p+ 1. Hence, the
necessary conditions for the coexistence of simultaneous and non-simultaneous blow-up are obtained. 
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